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ON THE ROTATIONAL BROWNIAN MOTION OF A BACTERIAL IDLE MOTOR

II. THEORY OF FLUORESCENCE CORRELATION SPECTROSCOPY
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The photon flux autocorrelation function of a fluorescent label attached to a bacterial motor shaft is calculated for the case
in which the bacterial motor is considered to be actively but idly rotating. It is shown that even when the fluorescent label has a
very short lifetime, fluorescence correlation spectroscopy should provide a useful tool for determining the rate of revolution of

the bacterial motor under various solution conditions.

1. Introduction

It is almost certain that bacteria can swim by
rotating their helical flagellar filament and that the
flagellar filament is driven by a motor which is
embedded in the membrane [1,2]. Measurement of
the rate of revolution of the motor is important for
clarifying the driving mechanism. Revolution in
the loaded state, i.e., revolution with a flagellar
filament, is easy to observe, since the flagellar
filament can be observed by optical microscopy.
However, measurement of the rate of revolution in
the load-free state, i.e., revolution without a flagel-
lar filament, is impossible using optical mi-
croscopy, since the motor shaft itself cannot be
seen.

In a previous paper [3] (hereafter referred to as
Part I), we developed the theory of time-dependent
fluorescence depo%lrization for an actively rotating
bacterial motor in a load-free state, and showed
that this technique is one of the possible methods
to measure the rate of revolution of the bacterial
motor in the load-free state. However, to apply
this technique to the measurement of the rate of
revolution of the bacterial motor, the fluorescent
label (or phosphorescent label) should have a life-

time of the order about of 107% s. From the
experimental point of view, this condition is by no
means desirable. Another promising method is
fluorescence correlation spectroscopy [4,5]. Since
this method is essentially independent of the fluo-
rescence lifetime, one can more readily measure
the rate of revolution of the bacterial motor. It is
noteworthy that active rotating motion under the
condition of energy flow may take place not only
in a bacterial motor but also in other biological
apparatus embedded in a membrane, such as the
H*.ATPase system in chloroplasts and
mitochondria, the postsynaptic acetylcholine re-
ceptor system, and the calcium-pump system in
sarcoplasmic reticulum [6—8]. Fluorescence corre-
lation spectroscopy may also be applicable to in-
vestigations of these systems. In this, the second
paper of the series, we apply the procedures devel-
oped in Part I to the theory of fluorescence corre-
lation spectroscopy.

2. Rotational diffusion equation and its Green’s
function

In this section we summarize briefly the theory
of the rotational Brownian motion of a particle
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coupled with an actively driving motor, which was
developed in Part I.

An appropriate hydrodynamical model of a
bacterial cell body is a spheroid. Let D, (i=1, 2,
3) be the rotational diffusion coefficient around
the three principal axes of the spheroid, and put
D, equal to D,. We assume that the bacterial cell
body has only one motor and that the motor shaft
coincides with the longer axis. Then the rotational
diffusion equation for a fluorescent label attached
to the motor shaft is

%: Adivf(ﬁf—f)gradtf), (1)

where {2 is the angular velocity of the motor and ¢
represents the angles around the three principal
axes of the spheroid. We introduce the Euler an-
gles (8, ¢, ) which designate the relationship
between the laboratory Cartesian coordinate sys-
tem and the coordinate system fixed to the cell
body, and rewrite eq. 1 as follows:
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The Green’s function G(8, ¢, {; t|8’, ¢', §'; t') of
eq. 2 is obtained as
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where ¢/, (0) is the eigenfunction of the eigen-
value equation [9] (see Part I),
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and N, is the normalization constant,
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X}, is the eigenvalue:
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As the exact Green’s function 1s thus obtained, we
can calculate the photon flux autocorrelation func-
tion.

3. Fluorescence correlation spectroscopy

Aragon and Pecora [5] developed the theory of
fluorescence correlation spectroscopy for a spheri-
cal rotor. Their expression for the photon flux
autocorrelation function I'(7) is

F(T)=102€2Q|‘2[f0 d_t i d—t-
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where [, is the incident radiation flux, € the
extinction coefficient of the fluorescent molecule,
O, the quantum efficiency, and 7, the fluorescence
lifetime. A(%,)* and E(Z,)? are the absorption
and emission probabilities, respectively, and are
equal to the square of the scalar product of the
transition moment and the polarization vector. =,
represents the angle of the fluorescent label at time
¢t with respect to the laboratory coordinate system.
Let ji,(Z,) and f.(%,) be the respective absorp-
tion and emission transition moments of the fluo-
rescent label. Then A(Z,)? and E(ZE,)? can be
written as

A(E/)2=(ﬁa(sl)'€i)21 (83)
E(Z) = (h(5) ), (8b)
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where ¢; and €, are the polarization vectors of the
incident and emitted light, respectively. Although,
in general, the directions of K, and g, are differ-
ent, we assume for simplicity that g, and p, are
parallel.

Now, let our apparatus be such that the inci-
dent light which has polarization parallel to the Z
axis is radiated along the X axis and the observa-
tion of the fluorescence which has polarization
parallel to the Z axis is made on the Y axis. Then,
A(Z) is equal to E(Z)) and can be expressed in
terms of the Euler angles as

A(Z,)=E(Z)=cos psin@ sin { +sin p cos 4,
(9)

il . .
where (5 — p) is the angle between the transition

moment and the motor shaft.

Returning to eq. 7, let us consider the four-time
correlation function appearing in the first term of
the right-hand side. To evaluate the four-time cor-
relation function, the joint probability Py(Z,, =,
) must be known. However, as the process
described by eq. 1 has Markovian nature, P, can
be expressed by using the Green’s function of eq. 3
as

-
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where f(Z)) is the initial distribution. Following
the procedure of Aragon and Pecora [5], we split
the integral including the four-time correlation
function into two parts:
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The ensemble averages appearing in eqs. 11a and
11b are evaluated by using the joint probabilities
PyZ.. E. E E) and PuE, &, E., %),
respectively. Substituting eq. 3 into eq. 10 and
carrying out the integrations (eqs. 11a and 11b)
with respect to ¢* and ¢”, we obtain
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where S; and S, are defined by
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M,,, and L, (Z,|Z,.) are abbreviated forms:

My, = Dy (X}, — m*) + m*D; + imQ, (14)
L[mn(Ellsl') = ¢7m(ﬂ)¢7m(0’)exp{ Il(‘b - ¢,)
+im(y—¢)). (15)

We can calculate the photon flux autocorrelation
function exactly by evaluating the integrals in egs.
13a and 13b and performing the summations in
egs. 12a and 12b. As mentioned in section 1,
however, fluorescence correlation spectroscopy is a
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method which is essentially independent of the
fluorescence lifetime. Therefore, we confine our-
selves to the case where our fluorescent labels have
lifetimes much shorter than the time scale of the
revolution of the bacterial motor. If this is not
done, the exact expression of I'(7) becomes ex-
tremely complex and virtually useless for experi-
mental purposes.

If we take the limit 7, — O in egs. 12a and 12b,
we obtain

lim 0, =0, (16a)
T

1

2°78

E Z Z exp(— M, 7)S;.

lim Q, =
7w—0 Imn Um'n’ U'm”n’

(16b)
Consequently, we are left with the calculation of
0,. The procedure for this calculation is as fol-

lows: firstly, we evaluate the integrals in eq. 13b
with respect to ¢ and ¢,

20 (I-1'=0),
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Secondly, we evaluate the integrals with respect to
8. The integrals needed for our calculation are

7= "sin?f¢s, (8 )sin 6d0, (18a)
[}

J, =fﬂc0520¢{',m(0)sin 6dé, (18b)
0
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0
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and are listed in tables 1-3. Finally, the summa-

Table 1

Values of J,, J_ and J_ for necessary » and m

n m J J. Jie

0 0 IND INso

2 0 - “Ngo 5 NG

2 1 5 Noy
2 2 NG

Table 2

Values of K, and K for necessary n, m, n’ and m’

n m n’ m’ K, K.

0o 0 0 0 SN J(N@)?
0 0 2 0 - ANSNG LNg NG,
0 0 2 2 1SNQNG

2 0 2 0 S (Ngp)? 10s(Nio)?
2 0 4 0 — s NG Noo NG N
2 0 2 2 ~ NGNS

2 0 4 2 NGNS,

2 1 2 1 o (NG)? H(NG?
2 1 4 1 - A NENG P NENG
2 1 4 3 ZNENG

2 2 4 0 o8 N Nog

2 2 2 2 B(NG)? Tos( Ngz)?
224 2 -ENANG ANRNG
2 2 4 4 BENE Ny

Table 3

Values of K for necessary n, m, n’ and m’

n m n' m’ Ko

2 1 0 0 ANEGNS

2 1 2 0 s NANE

2 1 4 0 — S NE NG,

2 1 2 2 NGNS

2 1 4 2 2 NGNS

4 1 2 0 s NH NS

4 1 2 2 — 2 NHNG

4 3 2 2 SENANG
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tions in eq. 16b are performed. These summations
are tedious but straightfoward. Calculation of the
second term on the right-hand side of eq. 7 is
rather simple and in the limit 7, — 0, we have

fo

-0

%j—'exp(z'/vf)<E(EO)ZA(5,,)2>=%. (19)

Tﬁus, we obtain the final expression for the pho-
ton flux autocorrelation function I'(7) as
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When =0 and D, = D,, the above equation
simplifies as follows:

1
(35)°
+ Stexp(~20D7)}. (21)

F(T)=102€2Qf2 {80 exp(—6D7)

Eq. 21 coincides with the photon flux autocorrela-
tion function of a spherical particle without a
motor [5]. Thus our result, eq. 20, is a generaliza-
tion of the result obtained by Aragon and Pecora
for a spheroidal particle with a motor.

In fig. 1, the photon flux autocorrelation func-
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Fig. 1. The function of photon flux autocorrelation function
I'(1)/T'(0) plotted vs. D1, where D, and D, are kept equal to
D. The transition moment of the fluorescent molecule is as-
sumed to be perpendicular to the motor shaft. Solid line a
represents the case of 2/D =1x103, and solid line b, 2/D =
2.5x10%

tion I'(r) divided by I'(Q) is plotted vs. Dt for
several values of £/D, where D, and D, are kept
equal to D and p is taken as O for simplicity. If
f2=0, the first two terms of I'(7) remain and
these terms give a simple decay curve as shown by
the broken line. If 2/D takes a large value, a
sinusoidal function is superimposed on the decay
function as shown by the solid lines ¢ and b. The
value 2/D =10" is thought to be an appropriate
one for the bacterial motor [10].

4. Discussion

We have obtained the photon flux autocorrela-
tion function I'(7), eq. 20, for the fluorescence
correlation spectroscopy of a fluorescent label at-
tached to the bacterial motor shaft. The solution is
limited to the case where the fluorescent label has
a very short lifetime. The exact solution without
this restriction could be obtained by the same
procedure as described in section 3, but the exact
expression of I'(7) would be too complex to be of
any practical value.

Eq. 20 contains up to the fourth order of the
Fourier series with respect to the angular velocity
2. In contrast, the fluorescence polarization ani-
sotropy r(t) contains up to the second order [1].
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Eight relaxation times appear in eq. 20, whereas
three relaxation times appear in r(¢) [1}. The
reason for these results is that I'(t) is essentially
the four-time correlation of the direction of the
fluorescent label, whereas r(¢) is the two-time
correlation.

The features of the function I'(7)/I'(0) are
almost the same as those of r(z). *

A comparison of eq. 23 in Part I and the first
three terms of eq. 20 shows that the ratio of these
three terms of eq. 20 is the same as in the case of
eq. 23. Furthermore, the coefficients of the remain-
ing terms of eq. 20 have comparatively small val-
ues. This explains why I'(7) is quantitatively simi-
lar to r(z).

In this series of papers, we have developed the
theoretical basis for determining the rate of revolu-
tion of the bacterial motor in the load-free state.
We have found that both time-dependent fluo-
rescence depolarization and fluorescence corre-
lation spectroscopy are possible methods for this
purpose.

In addition to the bacterial motor, other kinds
of biological apparatus in cells may rotate under

* In the caption of Part 1, we stated that we had plotted r(r)
for 2/D=10% and 2.5x102. However, this is erroneous;
the /D values are actually 17.5 and 4.4, respectively. As an
appropriate value of 2/D for the bacterial motor is 102 or
103, we should have plotted r(¢) for £/D =102 or 103,

the condition of energy flow. Our methods pro-
posed here might be applied to determine whether
H*-ATPase systems in mitochondria or in chloro-
plasts, the acetylcholine receptor system in post-
synaptic membranes and other biological appara-
tus embedded in membrane can rotate actively.
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